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Motivation

Au =10

Heat equation

» Solving PDEs with Laplacians

= Direct solving scales poorly
= SOTA: CHOLMOD

ste
ed f a
§ Tetrahedral Mesh @ |s ther
Volume @
https://github.com/alecjacobson/sparse-solver-benchmark
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Multigrid methods

A.X' — b V-Cycle algorithm
A= ST
o N e A Sososos o Hi-res
Focus computation ~— S
Hi-res = details Ry S S A S -
%, \‘5‘% =g DAND AN

Use fast local methods °’<>, \'3*;%\\ NN
Lo-res = global structure P, N, s

Use global methods efficiently % \\\\\ e

Communicate between levels Direct solve
Residuals + smoothing
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Multigrid methods

Matrix operatios: V-Cycle algorithm
N N \\1\:\:\\\\\\\\\\\\ N \\ \\\\\\\\?\ N Hi
\\\\\\\\ N\ S S 1-res
P, € RYVi-1*Vi _— =
l smooth\ \A\ — smooth
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(AN NN DAND" AN
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\ \ N

[ W Key ingredient: Py, P,, ... } Direct solve
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Multigrid methods

3D Volume Geometric Multigrid Methods

InPUt; / \ / \ / Tet methods: \

Grid methods Gr%‘;rt‘h%?sed edge collapse

Poor bounda
¥ Slow convergence Very slow

realization i
Tetrahedral Mesh \ / \ / \ B /

Boundary is a surface Can we get fast construction of P, with good convergence? @
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Multigrid methods
4 g troducng 3% N

Tet
& 6™ g

Tetrahedral Mesh \ /

Boundary is a surface
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/ Prioritized \

fast disk
sampling

Select vertices of

GravoTlet

Graph Voronoi Tetrahedral Multigrid Method
fast & effective coarsening strategy

/ Surface Voronoi\

cluster + connect

Preserve the boundary.

\ coarser level j
19l

/ Interior Voron oi\

cluster + connect

O
O

O

Connect the interior.

@proximately Delaunzy

/ Prolongation \

construction

[P1]7 [Pz], [Pg],

Build P; using

@proximately Delaunay/

\barycentric weight./
ETHzurich




GravoTlet

R, Compute and sort vertices by features
Boundary features to preserve!

/ Prioritized \

fast disk
sampling

,,,,,,,,

Face-star normal variation

, « Low in flat areas.
Select vertices of

\ coarser level /
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f Prioritized \

fast disk
sampling

Select vertices of

GravoTlet

R, Compute and sort vertices by features

Boundary features to preserve!

\ coarser level /

19l

SMI, July 2026

(no resorting needed)

Marcel Padilla # 9

Exclude points
that are too close
Exclusion check 2-

ring neighbours.
* Linear time

() The resulting vertex list sorted by parent feature!

ETH:zurich



GravoTlet

() Core idea

/ Surface Voronoi\

cluster + connect dual

Voronoi diagram | qup Delaunay

Preserve the boundary. Graph ~ dual 5 Approximately
Qaproximately Delaunay Voronoi diagram <) Delaunay .
Faster € ——— ’

19l ETH:lrich



GravoTlet

7 Cluster by Voronoi conectivity
Assign fine vertices to the graph-nearest coarse vertex representative

/ Surface Voronoi\

cluster + connect

« If two fine vertices with
different coarse
representative vertices
are connected:

* Connect the coarse

(@) vertices

«  Fast 53

* Not Delaunay

Preserve the boundary.

Qaproxi mately Delaunay

B Used ONLY the surface vertices! 1o preserve boundary

19l ETHzirich



Sujrface first!

Input
tetrahedral mesh

w/0 boundary-awae approach

O |qL SMI, July 2026 Marcel Padilla # 12 ETHz(irich



/Interior Voronoi\

cluster + connect

O
@]

O

Connect the interior.

Qaproximately Delaunayj

19l

GravoTlet

Repeat the same step to the interior!
The surface connectivity remains intact.

« |f two fine vertices
@) with different coarse
@) representative vertices
are connected:

O

() o . Connect the
coarse vertices
O @) * Not Delaunay

&3} Now ALL the coarse vertices are connected

ETH:zurich



/ Prolongation \

construction

[P1]7 [P2]7 [P3]7

Build P, using

GravoTlet

@ Compute tet weights

O

Or project to triangles, lines, points. The surface connectivity remains intact.

\barycentric weigh'y

19l

O

O

O

For the fine points:
» Identify containing tet
« Compute barycenter

weights for P,

J

@ P, has at most 4 non-zero entries per row.

A Tetrahedra may overlap. And that is ok! /A |

SMI, July 2026

Marcel Padilla
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Resulting Mesh Hierarchy

No=519k

Mesh quality: sub Delaunay but stable for prolongation. Ask me in the Q&A.
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Armadillo Poisson Problem

Input: 519k vertices

- = Ours 25 32.69 BN Hierarchy
10 —— Shi06 e Setup
= amg-rs Solve
s 3 — amg-sa 20 1
= 10 .
= ®  [teration
e ONTE
] — 5]
Z 107 1 E 12.92
= =
Q
=4
107
10_9 T T T

Solver Time [s]

I()L SMI, July 2026

Ours Shi06 amg-rs amg-sa Direct
#It: 11 #It: 16 #It: 192 #It: 71

Marcel Padilla # 16 ETHzZ(rich



Armadillo Biharmonic Problem

Input: 519k vertices

19l

Relative Residual

Ours
Shi06
amg-rs

amg-sa
Iteration

10 20 30

Solver Time [s]

SMI, July 2026

Marcel Padilla

70 120.23 +2min

+2min

@ 40 4 WM Hierarchy
o s Setup
g ime. ] ime. 32.11
.l: 30 i} S()lvc timeout
22.20
209 | |
10
0 =
Ours Shi06 amg-1s amg-sa Direct
#1t: 39 #It: 302 #It: 358 #1t: 410
+7  ETHZziirich
ZUric



Fertility Poisson Problem

-_—

2.8M vertices

- = Ours

0 —— Shi06
= amg-rs

107 — amg-?a
®  Iteration

Relative Residual

10 T T T 1 T T T T T T T T T
0 10 20 30 40

Solver Time [s]

gl SMI, July 2026 Marcel Padilla

Time [s]

100

B Hicrarchy +2min 111.59
B Setup
Solve

Ours Shi06 amg-rs amg-sa Direct

#It: 9 #1t: 19 #It: 146 #It: 86
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Fertility Bitharmonic Problem

-_—

=

=== Ours 500 +10min +10min +10min
= Shi06
m—amg-TS
= k 400
3 = amg-sa
_-g ®  [teration
& = 300 A
5] Q
2 g timeout
= =
= 200 A
&~
______________________ 100 4 |
e=10 |
10 B OTL I O SRR R NN L JE T PP O S B A T 0
0 50 100 150 200 250 300 350 : .
. Ours Shi06 amg-1s amg-sa Direct
Solver Time [s] #It: 36 #It: 200 #It: 217 #It: 246

SMI, July 2026 Marcel Padilla # 19 ETH - urich



Performance - Poisson

 Best total time ﬁ (if not tiny meshes) From 22k to 2.8M vertices
 Lowest number of iterations needed €2

Model #Vert Ny . Ours u Shi06 AMG-RS AMG-SA Direct (CHOLMOD)

- L]
:iuild Solve  Total #It:Build Solve Total #It Build  Solve Total  #It Build  Solve Total #It Fact. Subst. Total
v

- n PoissoN PrOBLEMS
Fandisk 22k 7 0.09 0.12 021 7 . 0.06 0.19 025 10 0.05 0.22 0.27 49 0.07 0.11 0.18 39 0.17 0.00 0.18
Homer 33k = 0.18 0.18 036 8a 0.10 0.34 043 13 0.08 0.31 0.39 46 0.09 0.17 0.26 41 0.27 0.01 027
Teapot 52k 1029 0.48 076 7 : 0.16 0.46 062 11 0.14 0.65 0.79 60 013 0.38 0.51 46 0.61 0.02 0.63
Horse T4k = 0.46 0.39 0.84 9= 022 0.64 0.86 14 020 1.01 1.20 62 019 0.60 0.80 48 078  0.02 0.80
Spike 102k : 0.57 047 104 67 032 1.07 .39 13 0.31 1.45 1.76 66 0.28 1.03 1.31 61 1.41 0.05 1.46
Max Planck 157k = 0.76 0.80 156 8a 056 1.89 244 14 048 4.15 463 116 0.64 1.71 235 58 226 0.07 2.32
Ring 208k » 1.08 0.99 207 67 064 1.87 251 16 0.64 271 335 49 096 182 278 43 246  0.06 252
Rocker Arm 262k . 0.99 1.41 240 8m= 083 245 328 16 084 4.60 5.44 73 112 3.04 4.16 58 3.35 0.09 344
Bob 309 w 1.44 1.81 324 7: 1.22 312 434 15 1.05 8.03 908 106 137 4.25 561 67 470 013 4383
Cylinder 310k . 2.45 1.87 432 6= 1.09 3.38 447 17 127 7.04 8.31 87 1.65 4.73 6.38 64 4.75 0.14 4.88
Bunny 411k u 2.12 271 483 7, 128 443 572 14 148 14.63 le.1l 142 195 5.69 7.64 60 774 0.20 7.94
Cube 80° 512k 7513 4.83 9.96 8= 336 6.94 1030 17 5.07 8.70 13.78 17 244 6.96 940 57 1104 029 1133
Armadillo 519k = 4.35 4.08 843 117 3.08 6.20 928 16 260 30.09 3269 192 280 10.12 1292 7 8.87 0.21 9.08
Nefertiti 617k 7 4.32 5.10 9.42 10: 2.54 7.59 1013 15 241 4130 4370 233 316 1148 1464 67 1378 035 14.13
Spot 709k = 6.02 552 1154 8, 247 8.95 1142 16 287 4172 4459 205 367 1340 17.07 69 1857 048 19.05
Spike Ball 829k 1 7.66 701 14.67 9: 347 11.35 1481 17  3.08 timeout >Imin 285 630 16.09 2239 63 3579 .22 37.01
Beast 881k = 7.06 7.61 14.68 104 5.11 10.83 1595 17 647 4596 5243 161 644  19.04 2549 73 failed failed  failed
Cube 100° LOM 7339 1406 1745 8: 4.57 15.18 1975 19 1634  22.00 38.34 18 848 17.85 2633 50 11579 096 116.76
Dragon 1.0M = 9.58 926 1884 12a 655 1268 1922 17 796 51.89 5985 160 1073 21.33 3206 72 failed failed  failed
Happy Buddha 12M 7688 1083 17.70 13: 5.11 17.29 2241 19 596 timeout >Imin 184 690 27.29 3419 87 4551 0.65 46.16
Octocat 1.5M =723 1234 19.56 9= 594 2204 2798 22 7.09 timeout >Imin 136 859 3641 4500 89 5182 1.60 5342
Kitten 15M 5853 1273 2126 81 626 2217 2843 17 1.53 timeout >2min 287 904 3098 4002 72 6004 581 6585
Lucy 1.9M =193 1841 4034 16w 1243 2830 40.73 20 1345 18555 199.00 260 19.98 3841 5838 89 5214 1.38 5351
Cow 20M 2358 19.83 43.41 1071451 5314 67.64 19 1538 timeowr >4min 237 2312 8746 11058 87 failed failed failed
XYZ Dragon 2.4M :1 419 2575 3994 14=1050 39.65 50.15 21 12.96 timeout >2min 153 1568  69.47 85.15 98 failed failed failed
Fertility 2.8M 1000 24.02 3402 911067 4149 5216 19 14.27 timeout >2min 146 1747 9411 11159 86 failed failed failed
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Performance - Biharmonic

 Best total time ﬁ (if not tiny meshes) From 22k to 2.8M vertices
 Lowest number of iterations needed €2

Model #Vert Ny . Ours . Shi06 AMG-RS AMG-SA Direct (CHOLMOD)
M

Build Solve Total #It =Build  Solve Total #It Build  Solve Total  #It Build  Solve Total #It Fact. Subst. Total

: : Bmarmonic PropLEMS
Fandisk 22k 7012 032 044 24w= 008 0.67 076 52 0.06 2.43 248 290 0.06 1.18 1.24 156 052  0.01 0.53
Homer 33k =023 063 087 205 0.14 1.91 205 94 008 1927 1935 911  0.09 6.48 6.57 369 139  0.03 1.42
Teapot 52k 70.33 .30 1.63 39: 0.16 3.30 346 99 013 1499 1513 613 0.13 6.33 6.46 312 1.63  0.05 1.68
Horse 74k = 0.45 1.49 1.94 264 025 5.70 595 133 020 5891 59.11 1803 0.19  13.99 14.18 518 205  0.05 2.11
Spike 102k 2066 334 400 47 2 031 1536 15.67 236 0.29 timeout >Imin 1156 027  33.29 3356 778 429  0.11 4.40
Max Planck 157k = 1.00 491 591 44, 051 2674 2725 264 047 timeout >Imin 721 061 timeout >Imin 900 724  0.17 7.42
Ring 208k g 1.17  4.68 585 267 060 1501 15.61 101  0.63 timeout >Imin 568 084 3422 3505 386 653 015 6.68
Rocker Arm 262k = 1.47 576 723 24a. 164 2748 29.12 153 0.83 timeout >Imin 442 113 timeowt >Imin 539 941 022 963
Bob 309k 5251 1030 12.81 42 = L0l 5116 52.17 241 1.03 timeout >Imin 344 142 timeowt >Imin 415 1437 033 14.69
Cylinder 310k =196 981 1177 38w 108 4147 4256 193  1.07 timeout >Imin 346 138 timeout >Imin 422 1281 030 13.11
Bunny 411k 3222 1885 21.07 56 o 128 99.69 10097 329 147 timeout >2min 472 194 timeout >2min 553 30.82 1.39 3221
Cube 80° 512k =264 2693 29.57 80w 165 7827 79.92 227 4.63 3538 40.01 51 225 timeout >2min 507 40.13 097 41.10
Armadillo 519k w281 1938 2220 39 o L75 11848 12023 302 1.88 timeout >2min 358 253 timeout >2min 410 3123 088 32.11
Nefertiti 617k 2281 2582 28.62 43w 222 timeout >2min 266 2.39 timeout >2min 290  3.12 timeour >2min 326 56.01 724 63.25
Spot 709 w3.14 3248 35.61 48 : 2,61 timeout >2min 230 2.87 timeout >2min 250 3.67 timeour >2min 283 failed failed failed
Spike Ball 829k : 893 60.10 69.03 61= 445 timeoutr >4min 353 4.93 timeout >4min 456 6.80 timeout >4min 303 failed failed failed
Beast 881k w630 4216 4846 51 : 494 timeout >4min 216 350 timeout >4min 236 323 timeout >4min 267 failed failed  failed
Cube 100° 1LOM 7607 6366 69.72 90 5342 24262 24603 335 1075 96.51 107.26 69 486 timeour >dmin 484  failed failed failed
Dragon 1.OM #0.06 4513 5519 31 593 timeout >4min 193  6.60 timeout >4min 239 8.84 ftimeout >4min 313 failed failed  failed
Happy Buddha 1.2M :l 139 72770 84.09 44 : 8.09 timeout >6min 239 8.56 timeout >6min 264 11.52 timeout >6min 298 failed failed failed
Octocat 1.5M =798 5331 6129 27 597 timeout >4min 207 7.05 timeout >4min 224 874 timeout >4min 257  failed failed  failed
Kitten 1.5M : 847 7577 8423 46 : 6.18 timeout >6min 288  1.36 timeout >6min 322 896 timeout >6min 369 failed failed failed
Lucy 19M ®1.84 89.17 101.01 43w 8.02 timeout >6min 228 9.45 timeout >6min 255 1129 timeout >6min 294 failed failed  failed
Cow 2.0M :15.58 144.04 159.62 46 : 841 timeout >8min 140 16.38 timeout >8min 220 2584 timeout >8min 342  failed failed failed
XYZ Dragon 24M ®386 121.74 135.61 34 w1245 timeour >8min 200 12.96 timeout >8min 214 1575 timeout >8min 246  failed failed failed
Fertility 2.8M :l4.l4 150.77 164.91 36 : 13.15 timeout >10min 200 15.48 timeout >10min 217 19.17 timeout > 10min 246 failed failed failed
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GravoTet
A Fast Multigrid Hierarchy Construction for Tetrahedral Meshes

* Fast mesh hierarchy construction <+ Near Delaunay Barycenter weights
Project page &

» Prioritized fast disk sampling « Fast total build + solving times
« Boundary first approach « Good MG convergence S“nliglrire“ligg?m?odni
IQL Thank you for your attention! @@ .i.’/’u Delft
Acks: Alexander von Humbold Feodor-Lynen SMI, July 2026 ErHZUl“ich

NTERACTIVE GEOMETRY LA® fellowship, Dutch Research Council (NWO)



Bonus Slides

That did not fit into the 15 min talk
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Sparsity

Examples
#1t #1t mnz
Mesh Method #Vert N, Poisson Biharm. (avg/max)
5 (Ours 310k 38k 39k 428 6 38 35074
S Shile 0K 82K 17K 35K 738173 17 9373710
= AMG-RS 310k; 71k; 13k; 2.1k; 342 87  +346  2.06/8
O AMG-SA 310k; 11k; 143 64 4422 4.31/10
= (Ours 820k 101k; 10k 12k:310 9 el 3444 ¢
@ Shide T 820k; 216k; 45k 9.2k; 2.0k: 523167 177673 ' P has at most 4 non-
< AMG-RS 829k; 190k; 34k; 5.5k; 968; 205 +285  +447  1.98/10 )
& AMG-SA 829k; 31k; 469 63 +504  4.65/12 zero entries per row.
Ours_ . 1.OM:225k:23k:2.5k:307 16 43 349/4
> Shi06T.OM: 488k: 101k: 20k: 4.2k: 943: 22420298 73.10/18
3 AMG-RS 1.9M; 425k; 77k; 12k; 2.0k; 428 260 4255 2.02/10
AMG-SA 1.9M; 68k; 820; 18 89 4294  4.18/13
Ours  28M:333k:33k:34k:392 9 36 353/4

Shi06 2.8M; 726k; 145k; 28k; 5.7k; 1.2k; 260 19 +200  3.11/17
2.8M; 633k; 113k; 18k; 2.8k; 536; 152 +146 +217 1.95/9
AMG-SA 2.8M; 99k; 1.0k; 14 86 +246  4.01/12

Fertility
S i
=
@
=
w
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Low quality Tets

are not a problem.
* Barycenter coordinates

~

for propagation work
\ fine! /b J

Red = input tet mesh

gl

SMI, July 2026

Relative frequency (%)

Relative frequency (%)

10.0 4

75 4

5.0

B M, Ny=519K
B M., N-63k
B M, Ny=6.6k
B M, N=122
B M;, Ns=99

. M, N,=2.8M
B M, N;=333k
B M;, N;=33k
B M, N=3.4K
B M, N;=392

Marcel Padilla

M3, N3=6.6k, +5.2% clipped
My, Ny=722, +5.3% clipped

=
|
60 —
=
0 M;, N5=99, +6.1% clipped

Relative frequency (%)
= =

20 30 40 50 60 70 1 2 3 4 5
Armadillo - Min. dihedral angle (deg) Armadillo - Aspect ratio

My, N1=2.8M, +0.2% clipped
M, No=333k, +3.8% clipped
M3, N3=33k, +4.9% clipped
My, Ny=3.4k, |5.3% clipped
M, N5=392, +6.0% clipped

3
i

Relative frequency (%)
8 ]

<

20 30 40 50 60 70
Fertility - Min. dihedral angle (deg)

Fertility - Aspect ratio

ETH:zurich



Hiearchy

Quality

clipped

———— — —
—————— — — —————
B M), Ng=709K W M. No=709, +0.2% clipped
10 < 1 - M, N, L0M
M, N=85k € BN M. N,=85k, | 3.8% clipped
M), Ny-8.6k

3
Il

B M, Np=8.6k, +4.9% clipped

Relative frequency (%)
(=
L
Relative frequency (%)
5

4
20
2
0 1= ' y 0
0 10 20 30 40 50 60 70 1 2 3 4 5
Spot - Min. dihedral angle (deg) Spot - Aspect ratio

1o Mo, Nom1.5M = 5M, +0.2% clipped
. M, N =177k o 4= N1=177k, |3.8% clipped

g4 T M, N1k — 18K, +5.0% clipped
B M3, N3=2.0k B Mj, N3=2.0k, | 5.3% clipped

IS
L

1)

S

Relative frequency (%)
(=
L
Relative frequency (%)
5

[S)
L

<

0 10 20 30 40 50 60 70 1 2 3 4 5
Octocat - Min. dihedral angle (deg) Octocat - Aspect ratio

@ |gL SMI, July 2026 Marcel Padilla

Relative frequency (%)

Relative frequency (%)

clipped
3K, +5.1% clipped
4k. | 5.5% clipped
9, +4.6% clipped

3
LN

Relative frequency (%)
8 8

70 1 2 3 4 <)
Dragon Fixed - Aspect ratio

M, N =2.0M, 40,
B Mo, No-238k, 1 3.8% clipped
B o, No=23K, +5.0% clipped
5.3% clipped
B Ms, Ns~275, +6.3% clipped

8

Relative frequency (%)
8 5

10 20 30 40 50 60 70 1 2 3 4 5
Cow - Min. dihedral angle (deg) Cow - Aspect ratio
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Ablation Study

We vary:

« [Shi et. al. 2006]
* Graph-based method
* No-tetrahedralization (faster build)
« Uses inv. dist weights

&P
i

w/o boudary-aware approach Input Boundary-aware aproach

« Compare without
boundary handling

|gL SMI, July 2026 Marcel Padilla # 27 ETHz(irich



Ablation Study

—_— e — —— e — -
2M vertices. Poisson problem
a =10 bdy. / bary. 80 7 BN  Hierarchy
10 === bdy. / inv. dist. B Setup
== 1o bdy. / inv. dist. Solve
= -3 == bdy. / bary.
T§ - ®  Jteration —_ L2
7 2
-4 o
2 107 2
=
o]
&~
107 1
lng T T T T T T T

Solver Time [s]

gl SMI, July 2026 Marcel Padilla

bdy. no bdy. bdy. no bdy.
bary. bary. inv. dist. inv. dist.
#1t: 10 #It: 16 #It: 23 #It: 24

# 28 ETH:zurich



_—————————

Ablation Study

I I
709k vertices. Biharmonic problem
—— no bdy. / bary. BN Hicrarchy +2min +2min
—— bdy. / inv. dist. 100 1 mm Sctup
== o bdy. / inv. dist. Solve
§ = bdy. / bary. 80
2 ®  [Iteration =
5 -,
~ o 60
o E
2 =
=
[}
m T—
e=10
4I0 610 8|0 bdy. no bdy.
. ; inv. dist. inv. dist.
Solver Time [s] #1t: 48 #1t: 61 #1t: 295 #1t: 298

O |qL SMI, July 2026 Marcel Padilla # 29 ETHz(irich



Multigrid methods

AMG

Algebraic Multigrid Methods

Use matrix

connectivity only
* Fast to build

* Versatile

» Slow to converge

Based purely on matrix values

IQL SMI, July 2026

Vs.

Only differ by &
prolongation matrix P,

»Quality“ of P, ¥>
determines convergence

Marcel Padilla

GMG

Geometric Multigrid Methods

Use Geometric

Information

* Slower to build

* Less Versatile
 Faster to converge

Using mesh information. Distances,
coordinates, mesh connectivity.

# 30 ETH:zurich



Experiment Setups

Poisson problem Biharmonic problem

Sx =My SM'Sx =My

Stopping criteria: ||S x — My||y-1 < €||My||p-1

19l ETHziirich



Complexity

Cubes of increasing resoltions n3

Poisson Biharmonic
30 - _
I : ; \ i 30 I
m OUrs 30? 90 100 110 120 P s b
25 4 — Shi06
= Direct
Build
20 +
=
o -
g
=
10 H
5 /
0 o T T T T T T T 0 T T | T T T
0 250k 500k 750k 1000k 1250k 1500k 1750k 0 100k 200k 300k 400k 500k 600k
Number of Vertices Number of Vertices
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GravoTlet

Most related paper @ A Fast Geometric Multigrid Method for Curved Surfaces

[ /\ Fast disk sampling + Delaunay approximation, but ONLY on surfaces! /A\ }

@ Transfer the logic to tetrahedra + careful boundary handeling ©

|qL SMI, July 2026 Marcel Padilla # 33 ETH - urich



GravoIet

_—

Most related paper @ A Fast Geometric Multigrid Method for Curved Surfaces

Input
tetrahedral mesh

w/0 boundary-aware approach

[ @ Transfer the logic to tetrahedra + solve the emerging problems }

O |qL SMI, July 2026 Marcel Padilla # 34 ETHz(irich
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